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Abstract

Statistical properties of the non-trivial zeros of the Riemann zeta func-
tion are investigated. These properties are compared to those of standard
uniform distributions. Statistical properties of Dirichlet products involv-
ing perfectly uniform distributions are also investigated. This provides
another way to characterize the distribution of the primes.

1 Introduction

Let 01, 05, 03, .... denote the imaginary parts of the nontrivial zeros of the
Riemann zeta function. Let k1(1), k1(2), x1(3), ..., denote log(#;), log(62),
log(3), ... and let x,(z), n = 2, 3, 4, ..., denote these values and n — 1 val-

ues that have been linearly interpolated between successive values. Let A(37)
denote the Mangoldt function. See Figure 1 for a plot of > 7 ; k1(|z/i]) and
Soi_ 1 k1(lx/i])A(i) (superimposed on each other) for z = 1, 2, 3, ..., 1000 (1001
zeta function zeros from Andrew Odlyzko’s [1] tables were used). For a linear
least-squares fit of Y, k1(|z/i]) forz =1, 2, 3, ..., 1000, p; = 3.09 with a 95%
confidence interval of (3.09, 3.09), po = —1.832 with a 95% confidence interval
of (—1.868, —1.797), SSE=80.33, R-square=1, and RMSE=0.2837. For a linear
least-squares fit of Y7 | k1(|x/i])A(i) for z = 1, 2, 3, ..., 1000, p; = 3.083
with a 95% confidence interval of (3.081, 3.085), po = —7.408 with a 95%
confidence interval of (—8.703, —6.113), SSE=1.085e+5, R-square=0.9999, and
RMSE=10.42.

Let 71, 72, 13, ..., denote the ordered (increasing) elements of a standard uni-
form distribution. Let v1(1), ¥1(2), 71(3), ..., denote log(n), log(nz2), log(ns),

. and let y,(x), n = 2, 3, 4, ..., denote these values and n — 1 values that
have been linearly interpolated between successive values. See Figure 2 for a
plot of 37, vi(lz/i]) and Y7 | v1(|z/i])A(i) (superimposed on each other)
for x =1, 2, 3, ..., 1000 (1001 7 values were used). For a linear least-squares
fit of >0 ;v (lz/i])) for @ =1, 2, 3, ..., 1000, p; = —8.261 with a 95% confi-
dence interval of (—8.262, —8.261), p2 = —3.803 with a 95% confidence interval
of (—3.914, —3.691), SSE=803, R-square=1, and RMSE=0.897. For a linear



least-squares fit of > 7, v1(|z/i])A(:) for z = 1, 2, 3, ..., 1000, p; = —8.244
with a 95% confidence interval of (—8.255, —8.234), p» = —6.998 with a 95%
confidence interval of (—12.88, —1.115), SSE=2.239¢+6, R-square=0.9996, and
RMSE=47.37.

See Figure 3 for a plot of (8.244/3.083)(—3.083z + Y., x1(|z/i])A(i)) and
—8.24x — >°7 ;v (|x/i])A(i) (superimposed on each other) for z = 1, 2, 3,
.., 100 (101 # and 7 values were used). The peaks and valleys of the two
curves occur at the same places and have roughly the same magnitudes. For
a linear least-squares fit of Y7, koo(|z/i|)A(7) for z = 1, 2, 3, ..., 20000,
p1 = 2.718 with a 95% confidence interval of (2.718, 2.718), po = —4.23 with
a 95% confidence interval of (—5.902, —2.557), SSE=7.277e+7, R-square=1,
and RMSE=60.32. For a linear least-squares fit of > 7 | va0(|z/i])A(4) for
x=1,2, 3, .., 20000, p; = —9.813 with a 95% confidence interval of (—9.813,
—9.812), po = —19.24 with a 95% confidence interval of (—25.73, —12.74),
SSE=1.0974+9, R-square=1, and RMSE=234.2. See Figure 4 for a plot of
(9.813/2.718)(—2. 7182+ 5", kioo(|2/i|)A(i)) and —9.813x—3""_, vao(|2/i])A(i)
(superimposed on each other) for x = 1, 2, 3, ..., 100 (six 0 and n values were
used). These curves have the same pattern as those in Figure 3.

2 Dirichlet Products Involving

See Figure 5 for a plot of Zi|a: k1(lz/i]) for x =1, 2, 3, ..., 20000. The plot con-
sists of about 30 different slowly increasing ”curves” with gaps in them. (Note
that Mdbius inversion can be used to regenerate the x values from these curves.)
Curve #0 (numbering from the bottom) consists of a single element at z = 1
and having a value of log(6;). Curve #1 consists of elements at = = 2, 3, 5,

. (the primes) and having values of log(#;) + log(f,,). Curve #2 consists of
elements at & = 22, 32, 52, .... Curve #3 consists of elements at « = 23, 33, 53,
.. and x values that are the product of two distinct primes. Curve #4 consists
of elements at x = 2%, 3%, 5%, ... Curve #5 consists of elements at x = 2°, 3°,
5%, ... and x values that are the product of the square of a prime and a different
prime. In general, Curve #k consists of at least elements at = 2%, 3%, 5F,

. Let y1, 2, ¥3, ---, Yos92 equal the values of the curve at z = 2, 3, 5, ...,
99991 (100000 zeta function zeros were used). This curve has an initial value of
5.694206. See Figure 6 for a plot of (y, — 5.694206 + 0.944206) — 0.995 log(z)
for z =1, 2, 3, ..., 9592. The plot shows that the normalized curve of y values
is increasing at almost the same rate as 0.995log(z). Let y1, y2, Y3, ..., Uss
equal the values of the curve at z = 22, 3%, 52, ..., 313% (having an initial value
of 9.109467). See Figure 7 for a plot of (y, — 9.109467 + 2.0) — 3.1321og(2)
for z =1, 2, 3, ..., 65. The plot shows that the normalized curve of y values
is increasing at almost the same rate as 3.132log(z). Let y1, yo2, Y3, ..., Y14
equal the values of the curve at = 23, 3%, 53, ..., 433 (having an initial value of
12.87824). y,—12.87824+4.0 is increasing at almost the same rate as 6.60 log(z)



for z =1, 2, 3, ..., 14. Let y1, vy2, ¥3, ..., y7 equal the values of the curve at
x=2% 3% 5% ... 17* (having an initial value of 17.08413). y, — 17.08413 + 8.0
is increasing at almost the same rate as 12.19log(z) for z = 1, 2, 3, ..., 7. See
Figure 8 for a plot of the logarithm coefficients (0.995, 3.132, 6.60, and 12.19).
For a quadratic least-squares fit of these coefficients, p; = 0.8633 with a 95%
confidence interval of (—0.2604, 1.987), po = —0.611 with a 95% confidence in-
terval of (—6.319, 5.097), p3 = 0.7823 with a 95% confidence interval of (—5.474,
7.039), SSE=0.03128, R-square=0.9996, and RMSE=0.1769.

See Figure 9 for a plot of >, r1(|z/i])A(i) — log(61)log(z) for z =1, 2, 3,
..., 5000. Numbering from the bottom, the first four major curves in Figure 9
occur at x where x equals 2 times the primes other than 2, where x equals 3
times the primes other than 3, where = equals 22 times the primes other than
2, and where x equals 5 times the primes other than 5. Two other curves that
intersect these curves occur at x where x equals the square of a prime and where
x equals the cube of a prime. Let y1, y2, ¥3, ..., Y65 equal the values of the curve
at x = 22,32 52, ..., 3132 (100000 zeta function zeros were used). See Figure 10
for a plot of y, and 1.21324210g(z)? (superimposed on each other) for z = 1, 2,
3, ..., 65 (the absolute values of the differences between the two curves are less
than 0.31). Let y1, 92, ¥3, ..., Y14 equal the values of the curve at = = 23, 33,
53, ..., 433. See Figure 11 for a plot of 3, for z = 1, 2, 3, ..., 14. For a quadratic
least-squares fit of the curve, SSE=4.576, R-square=0.9959, and RMSE=0.645.

Let y1, Y2, Y3, .., Ys5 equal the values of the curve at z = 22, 32, 52, ..., 3132.
Let wg, w3, wy, ..., ws133 equal the values of the curve at x =2-3,2-5,2-7, ...,
249999 and let wy = 2y;. ws133 = 9.81135 and 9.81135/ log(5133) = 1.1484.
See Figure 12 for a plot of w, —1.14841og(z) for z = 1, 2, 3, ..., 5133. For z > 1,
the absolute values of the elements of this curve are less than 0.0083. Let w1,
w3, Wy, ..., W3s69 equal the values of the curve at x =3-2, 3-5,3-7, ..., 3-33331
and let Wwo = 2y2 W3569 — 14.29311 and 1429311/ 10g(3569) = 1.7473. See
Figure 13 for a plot of w, —1.74731og(z) for z = 1, 2, 3, ..., 3569. For z > 1, the
absolute values of the elements of this curve are less than 0.15. Let wq, wa, wy,
..., Wa2g2 equal the values of the curve at t =5-2,5-3,5-7, ..., 5-19997 and let
w3 = 2y3. Wazez = 19.88788 and 19.88788/10g(2262) = 2.5748. See Figure 14
for a plot of w, — 2.57481og(z) for z =1, 2, 3, ..., 2262. For z > 1, the absolute
values of the elements of this curve are less than 0.22. In general, this process
can be continued for curves corresponding to prime multiples of primes. For
example, let wy, ws, ws, ..., Wea, Wwee equal the values of the curve at x = 313 -2,
313-3, 313 -5, ..., 313 - 311, 313 - 317 and let wgs = 2y65. wee = 42.40156 and
42.40156/ log(66) = 10.1205. See Figure 15 for a plot of w, — 10.1205log(z) for
z=1,2,3,..,66. For z > 1, the absolute values of the elements of this curve
are less than 0.77. Let c1, ca, c3, ..., cog denote the coefficients of the above
logarithms (1.1484, 1.7473, 2.5748, ..., 7.9536) corresponding to the curves for
2 times the primes, 3 times the primes, 5 times the primes, ..., 101 times the
primes. See Figure 16 for a plot of 2.4328log(z) and ¢, (superimposed on each
other) for z =1, 2, 3, ..., 26. (For a quadratic least-squares fit of the coefficients,



SSE=1.275, R-~square=0.9864, and RMSE=0.2355.)

3 Dirichlet Products Involving Perfectly Uni-
form Distributions

See Figure 17 for a plot of >, kaoo(|z/i]) for z = 1, 2, 3, ..., 200 (the &
values are perfectly distributed between log(6;) and log(62)). Except for be-
ing more linear, the different curves are the same as for 3, s1([=/i]). Let

Y1, Y2, Y3, -y Y7408 e€qual the values of Zi|x K1000000(|x/]) for z = 1, 2, 3,
..., 1000000 at = = 2, 3, 5, ..., 999983 (having an initial value of 5.297269).
See Figure 18 for a plot of y, — 5.297269 and zlog(z)/2230000 (superimposed
on each other) for z = 1, 2, 3, ..., 78498. The plot shows that the normal-
ized curve of y values is increasing at almost the same rate as zlog(z)/2230000
(the absolute values of the differences between the two curves are less than
8-107%). Let y1, y2, U3, .-, Y160 equal the values of the curve at z = 22,
32, 52, ..., 997? (having an initial value of 7.945905). See Figure 19 for a
plot of y, — 7.945905 and 22 log(2)?/1872050 (superimposed on each other) for
z =1, 2,3, ..., 160. The plot shows that the normalized curve of y values
is increasing at almost the same rate as z2log(z)?/1872050 (the absolute val-
ues of the differences between the two curves are less than 0.02). Let y1, yo,
Y3, ..., Yo5 equal the values of the curve at x = 23, 33, 52, ..., 97% (having
an initial value of 10.59454). See Figure 20 for a plot of y, — 10.59454 and
2% log(z)3/1480000 (superimposed on each other) for z = 1, 2, 3, ..., 25. The
plot shows that the normalized curve of y values is increasing at almost the
same rate as 2%log(z)3/1480000. Let y1, y2, ¥3, .., y11 equal the values of
the curve at z = 2%, 3%, 5%, ..., 31* (having an initial value of 13.24318). See
Figure 21 for a plot of y, — 13.24318 and z*log(z)*/1000000 for z = 1, 2, 3,
..., 11. The plot shows that the normalized curve of y values is increasing at
roughly the same rate as z* log(2)*/1000000 . See Figure 22 for a plot of the co-
efficients (1/2230000, 1/1872050, 1/1480000, and 1/1000000). For a quadratic
least-squares fit of these coefficients, SSE=8.073e—16, R-square=0.9954, and
RMSE=2.841e—38.

See Figure 23 for a plot of }_, 1000([x/1])A(é) — log(61) log(z) for x =1, 2,
3, ..., 1000. Let y1, y2, y3, ..., Ys5 equal the values of Zi\x K1o0000(|z/i])A(7) —
log(61) log(z) for x = 1, 2, 3, ..., 100000 at = = 22, 32, 52, ..., 3132. See Figure
24 for a plot of y,, z = 1, 2, 3, ..., 65. For a quadratic least-squares fit of
these quantities, SSE=4.948e—7, R-square=0.9984, and RMSE=8.933e—5. Let
Y1, Y2, Y3, --., Y14 equal the values of the curve at x = 23, 33, 53, ..., 473. See
Figure 25 for a plot of y,, z = 1, 2, 3, ..., 14. For a cubic least-squares fit of
these quantities, SSE=9.471e—6, R-square=0.9925, and RMSE=0.0009732.

Let 41, Y2, Y3, --., Ys5 equal the values of the curve at x = 22, 32, 52, ..., 3132. Let
W2, W3, W4, ..., W5133 equal the values of Zz|1 KlOOOOO( LQZ‘/ZJ )A(Z) — log(ﬁl) IOg(I)



for x =1, 2, 3, ..., 100000 at z = 2-3, 2-5, 2-7, ..., 2-49999 and let
wy = 2y;. wsizz = 0.1376052 and 0.1376052/5133/ log(5133) = 3.13783e—6.
See Figure 26 for a plot of 0.00000313783zlog(z) and w, (superimposed on
each other) for z = 1, 2, 3, ..., 5133 (the absolute values of the differences be-
tween the two curves are less than 5e—4). Let wy, ws, wy, ..., wsse9 equal the
values of the curve at x = 3-2,3-5,3-7, ..., 333331 and let wy = 2ys5.
waseg = 0.1454279 and 0.1454279/3569/ log(3569) = 4.98133e—6. See Figure
27 for a plot of 0.00000498133z log(z) and w, (superimposed on each other) for
z=1,2, 3, ..., 3569 (the absolute values of the differences between the two
curves are less than 6e—4). Let wy, wa, wy, ..., Wazee equal the values of the
curve at t =5-2,5-3,5-7, ..., 5-19997 and let w3 = 2y3. wazs2 = 0.1279006
and 0.1279006/2262/log(2262) = 7.32044e—6. See Figure 28 for a plot of
w, — 0.000007320442log(2) for z = 1, 2, 3, ..., 2262 (the absolute values of
the elements of this curve are less than 6e—4). Let wq, wa, w3, ws, ..., Wiere
equal the values of the curve at « = 7-2, 7-3, 7-5, 7-11 ..., 7- 14281 and
let wy = 2y4. wig7¢ = 0.1105269 and 0.1105269/1676/ log(1676) = 8.88272e—6.
See Figure 29 for a plot of w, — 0.00000888272z log(z) for z =1, 2, 3, ..., 1676
(the absolute values of the elements of this curve are less than 6e—4). The cor-
responding coefficients of zlog(z) for 11 times the primes, 13 times the primes,
17 times the primes, and 19 times the primes are 1.094132e—5, 1.171728e—5,
1.293219e—5, and 1.358418e—5 respectively. Let ¢1, ¢, c3, ..., cs denote the co-
efficients of zlog(z) corresponding to the curves for 2 times the primes, 3 times
the primes, 5 times the primes, ..., 19 times the primes. See Figure 30 for a
plot of ¢, for z =1, 2, 3, ..., 8. For a quadratic least-squares fit of these values,
SSE=2.877e—13, R-square=0.9971, and RMSE=2.399¢e—7.

Let y1, y2, Y3, ..., Y168 equal the values of 3, 1000000 ([2/7])A (i) —log(01) log(x)
forz =1, 2,3, ..., 1000000 at = = 22, 32, 52, ..., 997%. Let wo, w3, W4, ..., Wa1538
equal the values of }_;, £1000000([2/i])A(7) — log(61) log(z) for z =1, 2, 3, ...,
1000000 at z = 2-3,2-5, 2-7, ..., 2:499979 and let w1 = 2y;. w4538 = 0.1375669
and 0.1375669/41538/log(41538) = 3.1142e—7. See Figure 31 for a plot of
w, —0.00000031142z log(z) for z =1, 2, 3, ..., 41538 (the absolute values of the
elements of this curve are less than 3e—4). Let wq, ws, wy, ..., Wagees equal
the values of the curve at x =3-2,3-5,3-7, ..., 3-333331 and let wy = 2ys5.
wasees = 0.1453684 and 0.1453684/28665/ 1og(28665) = 4.9411e—7. See Figure
32 for a plot of w, — 0.00000049411zlog(z) for z =1, 2, 3, ..., 28665 (the abso-
lute values of the elements of this curve are less than 3e—4). Let wy, we, wy,
..., W179s4 e€qual the values of the curve at t =5-2,5-3,5-7, ..., 5- 199999 and
let w3 = 2ys3. wirgssa = 0.127787 and 0.127787/17984/log(17984) = 7.2526e—7.
See Figure 33 for a plot of w, — 0.000000725262 log(z) for z =1, 2, 3, ..., 17984
(the absolute values of the elements of this curve are less than 3e—4). Note that
the coeflicients of zlog(z) are about a tenth of the above coefficients and the
approximation errors are less.

Let y1 equal the value of Y. ks(|x/i])A(7) — log(61)log(z) for x = 1, 2, 3,

il



.., 8 at & = 22. Let wy equal the value of 2 ije is([2/1])A(2) — log(01) log(x)
forx =1,2, 3, ...,8at x = 2-3 and let w; = 2y;. we = 0.1232939 and
0.1232939/2/ log(2) = 0.08893774905. The absolute values of w,—0.08893774905z log(z)
for z = 1 and 2 are less than 0.07. Let y1 equal the value of 3, r16([x/i])A(i)—
log(61)log(z) for x = 1, 2, 3, ..., 16 at = 22. Let wq, w3, and w4 equal the
values of 3, k16(|2/i])A(i) —log(61) log(z) for z = 1,2, 3, ..., 16 at v =23,
2-5 and 2-7 and let w; = 2y;. wy = 0.1514511 and 0.1514511/4/log(4) =
0.02731221886. The absolute values of w, — 0.02731221886z log(z) for z = 1,
2, 3 and 4 are less than 0.035. Let y; equal the value of }_,  raa([2/i]) A7) —
log(61)log(z) for x = 1, 2, 3, ..., 32 at * = 22. Let wsy, w3, w4, ws, and
wg equal the values of 3~ rsa(|2/i])A(i) — log(6)log(z) for = = 1, 2, 3,
e 32atx =2-3,2-5,2-7,2-11, and 2-13 and let w1 = 2y;. wg =
0.1349922 and 0.1349922/6/log(6) = 0.01255676355. The absolute values of
w, —0.01255676355z log(2) for z =1, 2, 3, 4, 5, and 6 are less than 0.018. Con-
tinuing in this manner up to }, , kes536([2/i])A(7) —log(01) log(z) for z =1, 2,
3, ..., 65536 gives coeflicients of 0.00569696197, 0.00272394602, 0.00134264501,
0.00064356496, 0.00031303628, 0.00015628883, 0.00007768926, 0.00003857753,
0.00001932131, 0.00000959629, and 0.00000479728 (each successive coefficient is
less than half of the previous coefficient). The corresponding least upper bounds
of the approximation errors are 0.013, 0.008, 0.010, 0.004, 0.004, 0.0025, 0.0025,
0.0016, 0.0007, 0.0010, and 0.0005. The approximation errors usually decrease.
The anomaly for 3, rkose([2/i])A(i) — log(61) log(z) for z =1, 2, 3, ..., 256 is
due to the large gap between the successive primes 113 and 127.

4 Dirichlet Products Involving v

See Figure 34 for a plot of } -, 71 ([z/i]) for z =1, 2, 3, ..., 1000. The different
curves are the same as for } -, £1(|z/i]). For example, Curve #3 (numbering
from the top) consists of elements at = = 23, 33, 53, ... and z values that are
the product of two distinct primes. See Figure 35 for a plot of these values. Let
Y1, Y2, Y3, -, Y7sa9s equal the values of the curve at x =2, 3, 5, ..., 999983 (for
a standard uniform distribution having 1000001 elements). The initial value is
—25.68024. See Figure 36 for a plot of (y. + 25.68024 — 0.5) — 1.0819701 log(z)
for z =1, 2, 3, ..., 78498. The plot shows that the normalized curve of y values
is increasing at almost the same rate as 1.0819701 log(z). Let y1, y2, ¥3, ---s Y168
equal the values of the curve at = 22, 32, 52, ..., 9972 (having an initial value of
—37.71227). See Figure 37 for a plot of (y, +37.71227 + 1.0) — 3.6763725 log(z)
for z =1, 2, 3, ..., 168. The plot shows that the normalized curve of y values
is increasing at almost the same rate as 3.67637251og(2). Let y1, y2, Y3, -, Y25
equal the values of the curve at x = 23, 3%, 53, ..., 973 (having an initial value of
—48.99217). See Figure 38 for a plot of (y, + 48.99217 + 3.5) — 7.9434565 log(2)
for z =1, 2, 3, ..., 25. The plot shows that the normalized curve of y values is
increasing at almost the same rate as 7.94345651og(z). Let y1, y2, ¥s, .-y Y11
equal the values of the curve at x = 24, 3%, 5%, ..., 31* (having an initial value of



—59.65474). See Figure 39 for a plot of (y, +59.65474 + 7.0) — 13.770952 log(2)
for z =1, 2, 3, ..., 11. The plot shows that the normalized curve of y values
is increasing at almost the same rate as 13.7709521og(2). Let y1, y2, ¥s3, ---, Yo
equal the values of the curve at x = 25, 3%, 55, ..., 135 (having an initial value of
—69.73988). See Figure 40 for a plot of (y. +69.73988 +13.0) —22.101327 log(z)
for z =1, 2, 3, ..., 6. The plot shows that the normalized curve of y values is
increasing at almost the same rate as 22.1012371og(z). See Figure 41 for a plot
of the logarithm coefficients (1.0819701, 3.6763725, 7.9434565, 13.770952, and
22.101237). These coefficients are roughly equal to the corresponding coefficients
for the zeta function zeros. For a quadratic least-squares fit of these coefficients,
p1 = 0.9309 with a 95% confidence interval of (0.6941, 1.168), po = —0.3719 with
a 95% confidence interval of (—1.82, 1.076), ps = 0.591 with a 95% confidence
interval of (—1.309, 2.491), SSE=0.0848, R-square=0.9997, and RMSE=0.2059.

See Figure 42 for a plot of >, v ([z/i])A(i) — log(0.0000398896) log(x) for
x=1,2,3, .., 1000 (3.98896e—5 is the first element in a sorted standard uni-
form distribution having 1001 elements). The different curves are the same as
the corresponding curves for the zeta function zeros. The first element in a
sorted standard uniform distribution having 1000001 elements is 2.2932941e—6.
The plot of }_; ., v1([2/i])A(7) — log(0.0000022932941) log(z) for x = 1, 2, 3,
..., 1000000 has similar curves. Let y1, y2, ys, ..., Y168 equal the values of the
curve at x = 22, 32, 52, ..., 9972, See Figure 43 for a plot of ¥, and 1.6151og(z)?

(superimposed on each other) for z = 1, 2, 3, ..., 168 (the absolute values of
the differences between the two curves are less than 1.4). Let y1, y2, Us, .., Y25
equal the values of the curve at = 23, 33, 53, ..., 973. See Figure 44 for a

plot of y, for z =1, 2, 3, ..., 25. For a quadratic least-squares fit of the curve,
SSE=12.86, R-square=0.9981, and RMSE=0.7646.

The first element in a sorted standard uniform distribution having 100001 ele-
ments is 5.28008163e—6. The plot of 3, v1(|2/i])A(i) —log(0.00000528008163) log(x)
for x =1, 2, 3, ..., 100000 has similar curves. Let y1, ¥2, ¥3, ..., Yg5 equal the
values of the curve at x = 22, 32, 52, ..., 3132. Let wy, w3, Wy, ..., Ws133 equal
the values of the curve at x =2-3,2-5,2-7, ..., 2-49999 and let w; = 2y;.
See Figure 45 for a plot of (w, —2.3) —2.0313701og(z) for z =1, 2, 3, ..., 5133.
For z > 1, the absolute values of the elements of this curve are less than 0.0083.
Let wq, w3, wy, ..., w3see equal the values of the curve at x =3-2,3-5,3-7, ...,
3-33331 and let wy = 2ys. See Figure 46 for a plot of (w, —3.5) —2.951208 log(z)
for z =1, 2, 3, ..., 3569. For z > 1, the absolute values of the elements of this
curve are less than 0.15. Let wq, wa, wy, ..., Waoe2 equal the values of the curve
at t=5-2,5-3,5-7, ..., 5-19997 and let w3 = 2y3. See Figure 47 for a plot
of (w, —4.7) — 4.2888761og(z) for z =1, 2, 3, ..., 2262. For z > 1, the absolute
values of the elements of this curve are less than 0.22. In general, this process
can be continued for curves corresponding to prime multiples of primes. For 7
times the primes, the w values are normalized by subtracting 5.4, for 11 times
the primes, the w values are normalized by subtracting 5.8, for 13 times the



primes, the w values are normalized by subtracting 6.0, for 17 times the primes,
the w values are normalized by subtracting 6.6, and for 19 times the primes,
the w values are normalized by subtracting 6.8. (Such normalization is not re-
quired for the corresponding zeta function curves.) Let ¢, ¢o, c3, ..., cs denote
the coefficients of the above logarithms (2.031370, 2.951208, 4.288876, 4.856559,
5.804920, 6.209113, 7.179045, and 7.535560) corresponding to the curves for 2
times the primes, 3 times the primes, 5 times the primes, ..., 19 times the primes.
See Figure 48 for a plot of ¢, for z =1, 2, 3, ..., 8. For a quadratic least-squares
fit of these values, SSE=0.1528, R-square=0.9943, and RMSE=0.1748.
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